Abstract. The splitting pattern of a quadratic form q over a eld k consists of all distinct Witt indices that occur for q over extension elds of k. In small dimensions, the complete list of splitting patterns of quadratic forms is known. We show that all splitting patterns of quadratic forms of dimension at most nine can be realized by trace forms.
Constraints on splitting patterns
Let q be an anisotropic quadratic form of dimension n 2 over a eld k of characteristic 6 = 2. Let (i 0 (q) = 0; i 1 (q); i 2 (q); : : : ; i h(q) (q) = n=2]) denote the splitting pattern of q; that is, i 0 (q) < i 1 (q) < < i h(q) (q) are all distinct Witt indices that occur for q over arbitrary eld extensions of k. We refer to M. Knebusch's originating work on generic splitting of quadratic forms, 12], 13]. The index i j (q) occurs over the eld K j , 0 j h(q), in a generic splitting tower K 0 = k; K 1 = k(q); : : : ; K h(q) of q over k.
In general, it is still a wide open problem to determine all tuples of strictly increasing integers that are splitting patterns of quadratic forms. However, for an excellent quadratic form q over k, the splitting pattern is known in arbitrary dimension, 12, Section 7], 8, Cor. 2.8]. It depends only on the dimension n of q; we denote it by (i 0 (n) = 0; i 1 (n); : : : ; i h(n) (n) = n=2]) and have for the smallest positive Witt index i 1 (n) : 1.1 Example. Let q be an anisotropic excellent quadratic form of dimension n over k. Write n = 2 r + d, where 2 r is the largest power of 2 less than n. Then the Witt index i 1 (n) of q over its function eld k(q) is given by i 1 (n) = d:
1.2 Theorem. Let q be an anisotropic quadratic form of dimension n over k. On the other hand, i 2 (n) = i 1 (n) + i 1 (n ? 2i 1 (n)) since n ? 2i 1 (n) is the dimension of the anisotropic kernel of an n-dimensional anisotropic excellent quadratic form over its function eld.
By assumption, i 1 (q) = i 1 (n). Thus our claim i 2 (q) i 2 (n) amounts to showing i 1 (q 1 ) i 1 (n ? 2i 1 (n)). Again by the assumption, the last inequality is equivalent to i 1 (q 1 ) i 1 (n ? 2i 1 (q)); that is, i 1 (q 1 ) i 1 (dim q 1 ); which is the result of Thm. 2.1 applied to the anisotropic from q 1 over k(q).
By 9, Cor. 1.13], our assumption i 1 (q) = i 1 (n) in Prop. 1.4 implies that q becomes an anisotropic P ster neighbor over some eld extension of k. The proof of the proposition carries over to the analogous result for higher Witt indices:
1.5 Corollary. Let q be an anisotropic quadratic form over k of dimension n with min fh(n); h(q)g j + 1. If i j (q) = i j (n), then i j+1 (q) i j+1 (n):
Proof. Replace q 1 in the proof of Prop. 1.4 by q j , the anisotropic kernel of q over the eld K j in a generic splitting tower of q over k. We then have i j+1 (q) = i j (q) + i 1 (q j ); i j+1 (n) = i j (n) + i 1 (n ? 2i j (n)) and application of Thm. 2.1 to q j yields the claim.
Inspection of the list of splitting patterns in low dimensions, see 2.3 below with the patterns of excellent forms in each dimension given rst, shows that the assumption i j (q) = i j (n) in Cor. 1.5 is not necessary for anisotropic forms q of dimension n 10: 1.6 Question. Can one drop in Cor. 1.5 the assumption that i j (q) = i j (n)?
Trace forms and splitting patterns
Let E be a commutative etale algebra of dimension n over a eld k of characteristic 6 = 2; so E is a product of separable extension elds of k. 2.1 Theorem. A regular quadratic form q over k of dimension n 7 is (isometric to) a trace form (of some etale k-algebra E) if and only if, over k; a. n = 1 and q = h1i, b. n = 2 and q contains h2i, c. n = 3 and q contains h1; 2i, d. n = 4, q contains h1i, and w 3 (q) = 0, e. n = 5, q contains h1; 1i, and w 3 (q) = 0, f. n = 6, q contains h1; 2i, and, over k( p 2d), q contains h1; 1; 2i, g. n = 7, q contains h1; 1; 2i, and, over k( p 2d), q contains h1; 1; 1; 2i. Proof. By 2.1.d, every regular quadratic form q of dimension four that contains h1; 1i is a trace form. Thus every regular q of dimension n 0 mod 4 that contains m h1i is a trace form. The proof is analogous for n 1; 2; or 3 mod 4 based on
The following is a complete list of splitting patters in dimension at most ten. Proof. By 11] or by 7], the tuples (0,2,3,4) and (0,1,5) fail to be splitting patterns in dimension eight and ten, respectively (see also 10]). Hence, for n 9, the list follows from 9, Ex. 1.16]. For n = 10 the splitting pattern of excellent forms is (0,2,4,5), thus i 1 (10) = 2 and we conclude from Thm. 1.2 that i 1 (q) is 1 or 2 for every anisotropic quadratic form of dimension ten. There are at most four splitting patterns in dimension ten with i 1 (q) = 1 since there are exactly four splitting patterns in dimension eight, the ones di erent from (0,4), that would not give rise to the excluded tuple (0,1,5). There are at most three splitting patterns in dimension ten with i 1 (q) = 2 since there are exactly three splitting patterns in dimension six. Thus, every splitting pattern in dimension ten is one of the seven tuples listed above. Moreover, all of the seven tuples occur as splitting patterns of quadratic forms in dimension 10; see Ex. 3.1 below.
We have set up 2.1{2.3 in order to investigate which splitting patterns of quadratic forms are splitting patterns of trace forms. It might be a bit of a surprise to learn: 2.4 Theorem. All splitting patterns of (anisotropic) quadratic forms of dimension n 9 can be realized by trace forms.
Proof. In any dimension n, the sum n h1i of n squares is a trace form; it is anisotropic for example over Q. Hence we can realize in each dimension the splitting pattern of excellent forms, always listed rst in 2.3, by a trace form over Q. In particular, this settles the dimensions n = 2, 3, and 5.
For n = 4 the splitting pattern (0,1,2) can be realized by the anisotropic qua- 
Appendix
We illustrate how to realize all seven splitting patterns in dimension ten listed in 2.3. The following example can also be obtained from the classi cation of splitting patterns in 7]. Proof. Given n, let m = n=2] and consider the quadratic form q 0 over Q de ned in 2.2. The dimension of q 0 is n?m. Let 
